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^^ ' Abstract. We study prismatic sets analogously to siinplicial sets except that 

fvj , realization involves prisms, i.e., products of simplices rather than just sim- 

plices. Particular examples are the prismatic subdivision of a simplicial set S 
and the prismatic star of S. Both have the same homotopy type as S and in 
particular the latter we use to study lattice gauge theory in the sense of Phillips 
and Stone. Thus for a Lie group G and a set of parallel transport functions 
defining the transition over faces of the simplices, we define a classifying map 

^ ' ' from the prismatic star to a prismatic version of the classifying space of G. In 

turn this defines a G-bundle over the prismatic star. 
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1. Introduction 

S^ . In the study of global properties of locally trivial fibre bundles it is a fundamental 

H I difficulty that the usual combinatorial methods of algebraic topology depends on 

the use of simplicial complexes which structure behaves badly with respect to local 
trivializations. By a theorem of Johnson [S|, the base and total space of a locally 
trivial smooth fibre bundle with projection w : E ^ B can be triangulated in such 
a way that tt is a simplicial map. But obviously even in this case a general fibre 
is not a simplicial complex in any natural way. However such a fibre has a natural 
decomposition into prisms, i.e., products of simphces, and the whole triangulated 
bundle gives the basic example of a prismatic set, analogous to the notion of a 
simplicial set derived from a simplicial complex. Prismatic sets were introduced 
and used by the second author and R. Ljungmann in [6] (see also Ljungmann's 
thesis pXIJ ) in order to construct an explicit fibre integration map in smooth Deligne 
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cohoniology, see also [5] . But the important special case of the prismatic subdivision 
of a simplicial set was used in Akyar [1] in connection with "Lattice Gauge Theory" 
in the sense of Phillips and Stone [2] , [TS] , [T7] and similar constructions have been 
used in other connections, see e.g. |13| . One can see [9] for further information 
about Lattice Gauge Fields. 

In this paper we shall give a more systematic treatment of prismatic sets and 
their properties but we shall concentrate on the applications to lattice gauge the- 
ory extending the work of Phillips and Stone to arbitrary simplicial sets and all 
dimensions. For an arbitrary simplicial set S and a given Lie group G together 
with a set of parallel transport functions in their sense, we construct a prismatic 
set P{S) of the same homotopy type as S and a classifying map from P{S) to a 
prismatic version of the standard model for BG. This is one of our main results 
(Theorem 8.1). Geometrically, for S a simplicial complex, P{S) is closely related 
to the nerve of the covering by stars of vertices (Theorem 5.1). In turn this gives a 
principal G-bundle with a connection and thus in principle gives rise via the usual 
Ghern-Weil and Chern-Simons theory to explicit formulas for characteristic classes 
(GoroUary 8.2). We shall return to this elsewhere. One can see [2], [3], [4], [7], [18] 
for further information about Ghern-Simons Theory. 

The paper is organized as follows: 

In chapter 2, prismatic sets are defined and their various geometric realizations 
are studied. 

The third chapter introduces the prismatic triangulation of a simplicial map and 
in particular of a simplicial set. Furthermore, we comment on the calculation of 
the homology of the geometric realization of a prismatic set. 

In chapter 4 we study prismatic sets associated to stars of simplicial complexes. 
It turns out that the prismatic set P (S) given in this chapter in the case of a 
simplicial complex is the nerve of the covering by stars of vertices. 

In the fifth chapter, we compare the two star simplicial sets and prove that there 
is a natural surjective map p : P.{S) — > PStS. It turns out that this map is an 
isomorphism for S = K^ , where K is & simplicial complex. 

In chapter 6, we introduce a prismatic version of the classifying space. This is 
done by replacing the Lie group G by the singular simplicial set of continuous maps 
Map(A9,G'). 

In chapter 7, we introduce the notion of "compatible transition functions" similar 
to the "parallel transport functions" of Phillips-Stone 15] for a simplicial complex 
K. We show how a given bundle on the realization of a simplicial set and socalled 
"admissible trivializations" give rise to a set of compatible transition functions 
and vice versa. We end the chapter with a remark on the relation between the 
compatible transition functions and parallel transport along a piecewise linear path. 

Finally in the last chapter we construct the classifying map for a given set of 
compatible transition functions. For this we construct a prismatic map from P{S) 
to the prismatic model for the classifying space constructed in chapter 6. 

Acknowledgements: We would like to thank Marcel Bokstedt for his interests 
and comments during the preparation of this paper. 
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2. Prismatic Sets 



Prismatic sets are similar to simplicial sets but they are realized by using prisms 
instead of only simplices. 

Let AP — {{to, . . . ,tp) G RP+^ I J2i ti = 1; U < 1} be a standard p-simplex given 
with barycentric coordinates. A prism is a product of simplices, that is, a set of 
the form A'?°-«p = A* x . . . x A«p. 

The motivating example is triangulated fibre bundles: 

Example 2.1. Given a smooth fibre bundle tt : Y ^ Z with dimY = m + n, 
dimZ — m and compact fibres possibly with boundary. By a theorem of Johnson [8] , 
there are smooth triangulations K and L oiY and Z, respectively and a simplicial 
map t:' : K ^ L in the following commutative diagram 



\K\ 



-^Y 



k'l 



-^ Z 



and the horizontal maps are homeomorphisms which are smooth on each simplex, 
here \K\ = lJre7< ^'^ x t/ ^, k = 0, .... dimK, is the geometric realization. 

One can extend a given such triangulation of dY -^ Z to a. triangulation of 
Y ^ Z. 




Y 



'"•30 



'o>---'^qp) witho-= (ao,...,ap) 
Oi. Here, we give the set of vertices of the total space, the 



A simplex r in K has vertices t — (fep, 
such that 7r'(6'') 

o 

lexicographical order. So geometrically, for an open simplex a in L, we have 
7r-i(|CT|)« |ct| X IJ A*-'?'' XT. 

We collect all these in the formal definition below using simplicial sets. For these 
we recall the notation but refer otherwise to Mac Lane JJJ , May p^ . 

Definition 2.2. A simplicial set S, = {S'g} is a sequence of sets with face operators 
di : Sq —^ Sq^i and degeneracy operators Si : Sq -^ S'^+i, i = 0, ...,g, satisfying the 



following identities: 
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■> I djdi^x : z > J, 



JlOj 



Sj+iSi : i < j 
SjSj-i : i > j, 



and 



ij-idi 
diSj — ^ id 

Sjdi^i 



i < j 
i> i + i. 



Example 2.3. A simplicial complex K gives a simplicial set where 
Kp = {(flip, ..., flip) I some nondecreasing sequences for a given linear ordering of Kq\ 
is the set of p-simplices. 

Example 2.4. Given an open cover U = Ui of Z we have the nerve 
NU = {NU{p)} of the covering, where 



NU{p)^ y f/,„n...nf/,, 



and {io, ■■■,ip) is nondecreasing for a given linear order of the index set. 

Let us denote Uig f) ... f) Ui by Uig^,,,^i . NU is a simplicial manifold, where the 
face and degeneracy maps come from the followings 

di : f/,„ ,- — > U- ~ 

That is, NU{p) is a smooth manifold for each p and the face and degeneracy maps 
are smooth. There is also a corresponding simplicial set Nj^U = {N(iU{p)} called 
the discrete nerve of the covering. Here NdU{p) is simply the set consisting of an 
element for each non-empty intersection of p + 1 open sets from lA. So there is a 
natural forgetful map NU — > NdU. 

Note: If S, has only face operators, then it is called a A-set. 

Definition 2.5. Given p > 0, a (p-l- l)-multi-simplicial set is a sequence {^go^.^gp} 
which is a simplicial set in each variable g^, i = 0, ...,p. 

Definition 2.6. A prismatic set P = {Pp,.} is a sequence Pp^, — {Pp,^^,...,^^} of 
ij) + l)-multi-simplicial sets, i.e., with face and degeneracy operators 

rji . p k P 

"i ■ ^p.qo,---,qp ~* -f^j),go,...,iji-i,...,ijp 

„j . p k p 

*i • ^p,qa,---,qp -^p,qo:---:qi+i,---,qp 

such that d'j, s* commute with df, sf ioi i ^ k, and such that d^, s^ for fixed i 
satisfy the identities in Definition 12.21 
Furthermore there are face operators 

dk '■ Pp,qo,...,qp ^ Pp-l,qo,...,qk,---,qp 

commuting with d* and s* (interpreting d^ = s'j — id on the right) such that {Pp,.} 
is a A-set. 
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Definition 2.7. If similarly P has degeneracy operators 

Sk ■ Pp.,qo,...,qp —^ Pp+l,qo,...,qk:qk:---,qp 

then P is called a strong prismatic set. 

Remark: In this case (Pp, dk,Sk) is a usual simplicial set. 

In general, degeneracy operators given in Definition 12.71 do not exist naturally 
so in this case (Pp,., dfc) is only a A-set. 

Example 12.11 continued: A triangulated fibre bundle 

n:\K\^\L\ 

gives a strong prismatic set P {K/L) by letting 

Pp{K/L)qg,„q^ C Kp+q„ + „,+q^ X Lp 

be the subset of pairs of simplices (r, a) so that g^ + 1 of the vertices in r lies over 
the i-th vertex in a. Then we have face and degeneracy operators defined in the 
obvious way. It is now straight forward to check that this is a strong prismatic set. 

Example 2.8. For a given simplicial set S, consider EpS — S, x ... x S,. 

p+l — times 

TTi : EpS — > Ep^iS is the projection which deletes the j-th factor. Similarly, the 
diagonal map Si : EpS -^ Ep+iS repeats the i-th factor. This is a strong prismatic 
set. 

Prismatic sets have various geometric realizations. 

Definition 2.9. First, we have for each p the thin (geometric) realization 

(2.10) \Pp,.\= U A'-«- X Pp,,„,...,,^/ ^ 

with equivalence relation "~" generated by the face and degeneracy maps 

^i . ^qo...q....q, _^ ^qo-.-q. + l.-.q^ g^.^^ 

„i . \qa---qi---qp _. Aqo-..qi~l.--qp 
'Ij ■ ^ ^ 1 

respectively. {|Pp,.|} is a A-space hence it gives a fat realization 

(2.11) IIIP.I \\=\jAr'x\Pp,.\/^ 

p>0 

by only using face operators dk- 

The face and degeneracy operators dk, Sk act on A'^°---'^p as the projection and 
the diagonal, respectively so they induce a structure of a simplicial set on \Pp\. In 
other words, the projection tt^ : A'^°---''p — > A'"--'^'--*'' deletes the i-th coordinate 
and the diagonal map A^ : A®--^" -^ /\qo---qiqi---qp repeats the i-th factor. Then 
the further equivalence relation on \P] given in (|2.1ip is generated by 

If P is strong then we also have a thin realization 

1^.1 = 111^.111/ - 
given by the above and the further relation 

(77'i,s,CT)-(i,A,s,s,CT), teAP+\ seA«°'■■■■«^ ct e Pp,,„,...,,^. 
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Similarly, we can define for each p, the fat realization ||P. ||, that is 

\\PJ^ \_\ A*-«- X Pp,,„,...,,^/ ^ 
qo,---,qp 

with equivalence relation given by only the face maps (R . 
Moreover, we have the very fat realization 

p>0 

using only face operators. 

For a given simplicial set S and EpS as in Example l2.8l we have || \E,S\ \\ as the 
fat realization of the space which maps p-th. term to \S \ x ... x 151. 

^^ V ' 

p+l — times 

Define for a space X, EpX = X. x ... x X, Let us say X — \S\ then || \E,S\ \\ is 

p-j-l — iimes 

contractible. 
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3. Prismatic Triangulation 

Let us return to the case of a triangulated fibre bundle jif | -^ |L|. In this case 
the natural map 

induces a homconiorphism 

\PXK/L)\^^\K\ 

k'l 

\L\ ^^\L\ 

In this diagram, the top horizontal map we shall call the prismatic triangulation 
homconiorphism 

X:\PXK/L)\^\K\ 

induced by 

(3.1) A(t,sO,...,sP,(T,a)) = (to.sO,...,VP,T) e AP+« x Kp+g, 

where (t, s, t, a) e Ap x A««--9p x Pp{K/L)g„„,g^ and q = qQ + ... + qp. 

o . 

Note: If a is an open p-simplex in L then A provides a natural trivialization of 
\K\o- = Tr^^{<7), that is, a homconiorphism 

X:ax\PpiK/a)\^\K\„. 
We can generalize this construction to any simplicial map: 

Example 3.2. Prismatic triangulation of a simplicial map. Let / : S. — > S, be a 
simplicial map of simplicial sets and define P.{,f) by 

Pp{f)qo,...,qp = {(C^,^) e Sq„ + ...+q^+p X Sp \ f (a) = A*9o ,...,9p (o-)} 

where the corresponding map 

„«o,...,9p . ^qa+---+qp+p _^ ^p 

is given by 

{O,...,qo\...\qo + ... + qp-i + p, ...,qo + ... + qp + p} ^ {0,...,p}. 

By this, we mean that the basis vectors eg, ..., Cqg are mapped to eo, and eq„+i, ..., eg^+qj+i 
are mapped to ei and etc. Explicitly 

Mgo,...,gp = ^q+P ° S(go + ...+gp+p-l)...(<?o + ...+<?p-i+p) ° ••• ° ^qa ° ■S(qo-l)...(0)> 

where the Si are left out and 

S{qo + ...+qi+i-l)...(qo + ...+qi-l+i) = Sgo + ...+g,+i-l ° ••• ° ■S(?o + ... +9.-1+17 

i = 0, ...,p. The boundary maps in the fibre direction 

"j" • Pp\.T)qa,---,qp ^ -» p(/ jgo,...,gi-l,...,<Jp 

arc inherited from the face operators defined on Sq+p. Thus 

d){(J,^) = (rfqo+...+g.-i+j+i-if^>'^)- 
Similarly the degeneracy maps s* on Pp{f)qo....^q^ 

■^j • Pp\j)qo,---,qp ^ -f pi/ jgo,---,9i + l,---,<}p 



8 B.AKYAR AND J. L. DUPONT 

are inherited from the ones on Sq+p. That is, 

s'jicr,a) = {sqo+...+qi-i+i+j~icr,^)- 
The boundary maps 

" • ^p\J)qo,---,qp ^ -< j9-l(/ jgo,...,gi,...,gp 

are determined by the boundary maps defined on both Sq+p and Sp. Thus 

d\a,a) = (dgo+...+q^_j+j_i o ... od^Q+ _|_g.+i_icr, diff), 
here the composition of the face operators can be shortly written as 

d{qo + ...+qi-l+l-l)...{qo + ---+q, + l-i-) = ^^gn + .-.+g.-l+i-l ° ••■ ° d.q„ + ...+q^+i^l. 

Note: P. (/) is a prismatic set, but in general not a strong one. 
Theorem 3.3. There is a pullback diagram 



II \P.U)\ 



11/11 



I/I 



15. 



15.1 



In particular A is a homotopy equivalence. 



Proof: The map A : A^ x A«o-«p x Pp{f)q„...q^ -^ A^+p x Sq+p is given by 
X{t, s, (T, a) = {igs^, ..., tpsP, a). The commutativity of the diagram follows from the 
definition of P (/) since 



Ppif)q 



,qp 



— ^q+p ^ ^p 



consists of pairs (cr, ct) G Sq+p x Sp such that f{a) = IJ-qo,...,qp{o') € Sp. 

By the commutativity of the diagram, A factors over the pullback \S,\ X|g | \\S,\ 
in the diagram 



15.1 X 



pi'i 



IS. 



-15.1 



ll/ll 



I/I 



Here elements in the pullback |5. | Xigi ||5. || are represented by pairs {{t,a), {t,a)) 
such that /(ct) = Mgo,---.9p(^) ^^^^ ^— ^'^"'■■■'''^{t), where tr £ 5g+p, a G 5g. There- 
fore A X ll/ll : II |P.(/)| II — > |5| X ||51| induces A in the diagram 



\PXf)\ 



15 



-^|5|X|5|||5.||^^ 



pr2 



15 



15 



Now A is a homotopy equivalence. Indeed, an argument similar to the note following 
()3.ip gives a homeomorphism of the preimage 1 1 / 1 1 of an open simplex in 1 1 5. 1 1 . Hence 
A is shown to by a homeomorphism by induction over skeleton of ||5. ||. 



D 
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Example 3.4. Prismatic triangulation of a simplicial set. Let S. be a simpli- 
cial set and S — * the simplicial set with one element in each degree. Here 

oP 

Pp{f) = PpS is called the p-th prismatic subdivision of S and for each t e A 
the map Xp{t,—) : \PpS\ — + \S,\ is a homeomorphism. In this case, Theorem 13.31 
gives a homeomorphism A : || \P,S\ || ^ |1 * || x IS*.], here || * || = U„^"/^^"- In 
particular A : || IPS'] || — » \S,\ is a homotopy equivalence. We shall call PS the 
prismatic triangulation of S. 

For later use, let us give the explicit construction of the p + 1-prismatic set P,S, 
and its realization: 



PpSqo,...,qp — Sqo + ---+qp+p- 



The face operators 



Uj . 1 p^qo,...,qi,...,qp — ^q+p ^ p^qo,...,qi — l,...,qp '^q+p-l 



are defined by 



"j • — "qo + .-.+gi-l+J+J J 



j = 0, ..., g^. Similarly, the degeneracy operators 

„(i).pc' c .pa c 

t>j . JrpOqg^,,_q-,,,,^q^ — Oq^p J^p^qo,...,qi + l.,...,qi — t^q+p+l 

can be defined by 



(«) 

5 ■ 
3 

j — Q, ...,qi. The face maps 



So :— S(iro + ---+9i-l+'i+Jl 



"(i) '■ PpSqo,...,qp ~^ Pp-lSqo,...,qi,---qp 

are the operators corresponding to 

^(i) . ^go + ...+>3i + ...+9p+p-l _j, ^qo + --- + ---+qp+P 

take (eo,...,eqo+...+q,+...+qj,+p_i) to (cq, ..., e,o+...+gp+p), deleting the elements 
go + ••■ + qi-i + i, ••■, go + ••• + <li + i- It deletes (g, + 1)- elements. In contrary 
to this, there is no degeneracy operator. 

Now we turn to the realizations. For the sequences of spaces {IPS'.!}, we obtain 
the fat realization: 

II IP^.I 11= |jAPx|Pp5.|/., 

p>0 

where 

|Pp5.| = |jA*-^-x5,„+...+,^+p/^ 

and the face operators tt^ : iPpS*. | -^ IPp-i^J are given by tt^ = projj x d^i) with 
projj : A'o-'Jp -^ /\^qo---qi---qp beeing the natural projection. 
Note that Ap : A^ x |PpS'.| ^ I^J satisfies 

Ap o (e* X id) = Ap_i o (id x ni). 

Thus Ap induces the map A on the fat realization. 

Let II IPS'. I ||P respectively || IS". | p denote the subcomplexes generated by 
AP X iPpSI respectively A^ x IS" |. Then the restriction of A to || IPS | \\p is given 

by 

Ap{t,s,a) = {t,\p{t,s,a)). 
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Corollary 3.5. The map Kp induce a homeomorphism 

A: II \PS.\ II ^11 \S.\ \\^\\*\\x\S.\. 
Corollary 3.6. The composition m,ap proJ2 o A = A 

II IP^.I II ^11 l^.l 11^1^. I 
is a homotopy equivalence. 

Remark 1: We can calculate the homology of the geometric realization of a 
prismatic set as follows: 

A prismatic set P^. has a double complex (Cp.„(PS'), 9f, 9/f ). Here 

Cp^nyPS) = (^ Cp,q„^,,,^q^{PS) 

qo + ---+qp=n 

is the associated chain complex Cp{PS) generated by Pp,qg....,q^- The vertical 
boundary map is defined by using boundary maps in the fibre direction 

Op ■ P(-^p,qo.,...,qp ^ P^p,qo,...,qi-l,...,q-p 

defined by dp^ = J^i^^Y'^)' where, ii qi = then 9V = 0. The total vertical 
boundary map is then 

dv = a"F + (-i)*+'aV + ... + (-if>+-+i--^+PdPF- 

There is also a horizontal boundary map 

dH = do + (-i)*+'ai + ... + (-i)*+-+«''-^+pap, 

where 

dk^l : iiqk>0 
\ dk ■■ ii qk^O, 

so that d = dv + dn is a boundary map in the total complex PC,, which is the 
cellular chain complex for the geometric realization. Hence it calculates the ho- 
mology. In the case of P (/) for / : 5 — > S* a simplicial map, the double complex 
gives rise to a spectral sequence which for a triangulated fibre bundle is the usual 
Leray-Serre spectral sequence. 

oP 

Remark 2: For each p and each t G A , \{t) : 15*1 ^ {t} x |PpS'| induces a 
map of cellular chain complexes 

aw:C4S)^C,{PS) 

given by 

aw(x)^ X! ■*90 + ...+«p-l+p-l °---°S9o(2;)(qo,...,9p)' 

qo + ...+qp=n 

where x G S'„. 
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4. Prismatic Sets and Stars of Simplicial Complexes 

For a simplicial set S and the prismatic triangulation P 5* there is another closely 
related prismatic set PpS, which as we shall see for a simplicial complex is the nerve 
of the covering by stars of vertices considered as a prismatic set. 

Definition 4.1. For S a simplicial set let P,S be the prismatic set given by 

where face and degeneracy operators on PpSq„^,,,_qj^ are inherited from the ones of 
Sq+2p+i as follows: 

Let q = qo + ... + qp, the face operators 

qa,...,qp > '^q+2p ~ Pp^qo,...,qi~l,...,qp 



4" 


: Sq+2p+l - 


= PpS, 


are defined by 








= dqg + ...+qi_ 


-l+2i+j 



j = 0, ...,qi but j 7^ 2i + 1 + ^ qk- 

k=0 

So PpSq„^,,,^q^ has only q + p-face operators, i.e., we skip the following p + 1 face 
operators 

{dqo + lT'^qo+qi+3, ■ ■ ■ , dq+2p+l} ■ 

Similarly the degeneracy operators 



(i) 
S ■ 
3 



Sj ' ■ Sq^2p+1 -^ Sq-f-2p+2 



can be defined by 






sy :=s,o+...+5,_i+2j+j, j = 0, ...,gfj, but j ^ 2i + l + ^qfc. 



Furthermore the face operators are 

"(i) • ^q+2p+l — Pp>^qa,...,qp ^ >^q+2p-qi-l = Pp-l>^qa,...,qi,...,qp 

corresponding to 

g(i) . J^q+2p-q,-l _^ l^q+2p+l 

which take (eo, ..., eq„+,,,+q^+,,,+q^+2p-i) to (eo, ..., e,+2p+i), by deleting the vectors 
with indices (qo + .-. + gi-i +2i, ..., (7o + --- + <Zj + 2« + 1). So it deletes gi + 2 elements. 
That is, 

d{i) — dqo + ...+q^_i+2i O ••• O dqg + ,,,+q.+2i+l, i ~ 0, ...,p. 

Remark: As P,S, P S is a prismatic set but in general not a strong prismatic 
set. 

Realization of P S* : 

Notice that 

II \PS.\\\=\jAPxA''0...qp,,p^Sq„_qJ^ 

p>0 

where the equivalence relation apart from the internal relations in |Pp5| using d^ 



and Sj , include the relations 



{eH,{s,y)) - (t,7rj(s,y)), 
with TTi = (projj) X d(i) the face operators on |-Pp5. |. 



12 
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The relation oi P S with S and P 5 is as follows: 



Proposition 4.2. Let i 

(t, x) eAPxSp by 



\S. 



\PpS. 



0\P+1 



be an inclusion defined for 



i{t,x) ^ {t,l,soo ... o spx) £ AP X {A^y^^ xS2p+i C APx \PpS.\, 
andr : \\ \P.S.\ \\ ~> US".]! be the retraction defined for {t, s,y) £ A'' x A'?"-"?" x Sq+2p+i 

rit, S, y) = {t, do.. .go O C?go + l ° ■■■ ° d(qo + ...+qp-l+2p)...{q+2p) ° dg+2p+iy), 

where the di are left out and <i(go+...+g.-i+2j)...(go+---+?i+2j) = c?go+---+«.-i+2j ° ••■ ° 

dgo + ...+i2i+2i, « = 0, ...,p. 

1) i is a deformation retract with the retraction r. 

2) There is a commutative diagram of homotopy equivalences 




where / : A^ x A'?"-*" x Sq+2p+i ^ A^ x A*-*" x Sg+p takes (t,s°, ...,sP,x) to 

{t,S°,...,sP,dg^-, + l odq„+q^+3 O ... odq+2p+lx), X G S'g+2p+l. 

The proof is straight forward see \1 for details. 

For a simplicial complex K there is another prismatic complex defined using the 
stars of simplices. That is, let Kq — {ai\i e /}, where / = {1, ..., A^}, be the set of 
vertices and let Kn = {a = (ai„, ..., ai^)|io < ... < in} be the set of n-simplices such 
that if tr £ Kn then any face t — [oi. , ...,ai. ) lies in Kk- We shall write t ^ cr in 
this case. Now K x K is also a simplicial complex with the lexicographical order 
of the vertices 

(fli, bj) < {ail , bji) <^ either i < i' or i ~ i' and j < j' , 

where {(ai„, 6j„ ),..., (a^,,, 5-,„)} e K x K. 

Definition 4.3. Let iiT be a simplicial complex. The Star of K is defined as 

St{K) = {{a, t) e K X K \3 a' such that aUr^a'jCKxK. 

This is equivalent to say that 

St{K) ^ {faces oia' X a' CK X K}. 

Remark 1: For each a £ K, ({a-} x K) n St(i\r) is the closure of the usual open 
star of a, i.e., the union of the open simplices having cr as a face. Whence the name 
St(Jsr). Note that Si{K) <Z K x K is a subcomplex. 

Let -RT* denote the simplicial set associated to the simplicial complex K. That 
is, 

Kn'^ — {(dig, ..., Oi^) I {oig, ..., ai„} a simplex of K (with repetitions) io < ■■■ < in}- 
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St{K)j^ are the following: 

Let (cr,r) <E K X K, where ct = {ai„, ...,atj, r = (6^,,, -^b-jj. For (cr, r) e St(iir), 
let a' = crUr = (cfeo , ..., Ck„)- By allowing repetitions in Definition l4.31 i.e., by taking 
ct' G K^ , we can assume n = p + q so that either Cfc^ = a^^ or c/c^ — bj^ , where 
i = 0, ...,p, u — 0, ■■■,q. Also we can assume Ck„ = aj , and if at^ — bj^ then bj^ 
comes before a^^ . In other words (cr, r) is of the form 

where < i^i < ... < i^g < n and < ^i < ... < fip < n and /li ^ Vj, '^i,j. 
Therefore we introduce for a general simplicial set S the following. 

Definition 4.4. Let St(S') be the simplicial subset of the diagonal d{S x S) con- 
taining all simplices of the form 









{Sv,. 


...VI O rfl/1...! 


^y 


I s^p 


...Ml ° 


dt.il.. 


..,y), 












where < 


; 1^1 


< .. 


.<Vn< 


n and < 


Ml 


< ... 


< Mp 


< n 


with fii 


+ 


Vj, 


Vi, 


i 


as above. 


Here s^,.. 


■ VI ' 


= s,., o ... o s 


v\ ; ^V\...V(_ 


? 


<iiyi 


o ... o 


dvg, 


Sfip...fj,i 


— 


Smp 


o . 




o s^j and 


"Aii.../jp = 


C^Ml 


o .. 


•°C?^P- 

























Lemma 4.5. For K a simplicial complex, there is a m,ap 

St : Si{Ky ^ St{K') 

which is an isom,orphism. 

Proof. : By the discussion made before, there is a well-defined map st. Indeed, 
St(i4r)^ is a simplicial set generated by 

{{(Tjt) e K X K \ 3 a' G K'^ such that a ~ dy^,,,^^a' ,t ~ rfpi...ppCr' 

and {s^^..,y,a,s^^,„^,^T) G 6{K' x i^T")}. 

By Definition 14. 4[ we can put st(cr, t) — {sv^...vx(t,s^j,^,,,^^t) G St{K'^). Clearly 
st is an isomorphism since for {a, t) G S{K^ x K'') and a' as in Definition 14. 4[ 
(cr, r) € K^ x K'^ determines an element in if x X by deleting repetitions and this 
is unique. D 

Remark 2: The projection on the first factor tti : S x S ^ S gives a simplicial 
map TTi : St.(S') —> S. Hence, we obtain a prismatic set PSt{S) = P.{t^i) as in 
Example [121 Here with g = go + ••■ + 9p and a = s„^^,,,y^ o dvi...VgCr' = M9o,--,«p^' 



Su 



odn^,„na' , we have 



■A'l ^ "■A'l---A«: 



Pp?>t{S)qa,,,,^q^ = {(a-, r, cr) e St{S)q+p xSpC 5{S X S)q+p xSp\ a,T given above}. 

That is, 7ri(cr,T) = ^J'qo....,qp{^)^ where a — d^.^,,,^^a' G Sp. So The elements in 
PpSt(S')g(, gp are of the form {^qgq^a,T,a), where r G Sq. Here explicitly 
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5. Comparison of the two Star Simplicial Sets 

We shall now prove that this is closely related to the prismatic set PS defined 
in the previous section. 

Theorem 5.1. 1) There is a natural (surjective) map 

p:PS. -^PStXS). 

2) If S ^ K", where K is a simplicial complex, then p is an isomorphism. 

Proof. 1) Take an element 7 e PpSqg,,,,^q^ = S'go+...+qp+2p+i- Then 7 and go, •••,9^ 
determine an element ^(7) in PpSt{S)qg^,,,,g^ together with a (p + 1, g + p + 1)- 
partition {ii, ...,ip,ip+i,ji, ...,jq+p+i) oi n = q + 2p+l, where q = qo + ■■■ + qp- 
Here 

h = 90 + 1 

«2 = 90 + 91+3 



ip = 90 + ■•• + 9p-i + 2p- 1 
ip+i = 90 + ■•• + 9p + 2p + 1 

correspond to the ^i's defined in Definition 14.41 and the j's correspond to the com- 
plement, that is, jl,-.-,jqo + l,jqo+2,---,jqo+qi+2,---,jqo + ...+qp-i+p,---iJqo + ...+qp+P+l: 

are 0, ..., go, 9o + 2, ..., 90 + 9i + 2, 90 + 9i + 4, ...,90 + ■•• + 9p-2 + 2p - 2, ..., go + ••• + 
qp-i + 2p, go + ... + qp-i + 2p, ..., go + ... + gp + 2p, respectively. Then, in terms of 
Remark 2 at the end of Section 4, we define 

Ph) = i'^,T,a) e PpSt{S)qg...q^ C Sq+p X Sq+p X Sp 

where 

CT = do,,,q„ odqg + l O ... od(q^, + ,,,+q^_^+2p)...(qa + ...+qj,+2p) ° dq+2p+l{l) = ^Ji ...i,+p+i (t) 
T = dqg + l0dqg+q^+3 ...odqg + ,„+q^+2p+l{l) ^ d,^,„i^^-^{j) 

O = Sqo + ...+qp+p ° ■S(iJo + ...+gp+p-l)...(9o + ...+<?p-l+p) ° Sqo + ...+qp-i+p-l O ... O 
Sqo+qi + 1 ° 5(90+91). ..(90 + 1) ° S90 ° S(9o-l)...(0) (^) 
= S(9+p-l)...(9+p-9p) ° ■■• ° «(90+9l)...(90 + l) ° S{qo-l)-{a)i^) 
= M9o,...,9p(^)- 

Using the above expression for a in terms of d's and 7, we get 

C^ = S{q+p-l)...{q+p-qp) O •• • ° S(9o+9l)...(9o + l) ° ^{qo-l)-0 ° dj,...j^^^^^{-f) . 

Now St(S')qo+...+gp+2p+i contains the simplex 

(■Sj,+p+l...il °S(9+P-l)...(9+P-9p) °--- °S(90+9l)...(90 + l) ° S(9o-l)...0 ° C?Ji ...i,+p+i (t), 
'Sip+i...ii"ii...ip+i(7jj — (,*i5+p+i...ii''', *ip+i...ii'''j- 



It follows that {a, r) € St(S') and hence ^(7) = (cr, r, cr) e Pp St{S) 



9o,...,9p- 
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Now p is a surjective map: Suppose {a,T,a) G i^p St(S')g„^...^gp and we shall 
find 7 e PpSq„^,,,^q^ such that ^(7) = (cr, r, ct). Thus (ct, r, ct) e PpSt{S)tjg^,,,^q^ C 
(5(5 X 5*) _|_ is such that 

7ri(cr,T) e Im{^,o_..._,p : Sp -^ S'g+p} 

where a € Sp. 

Again use the partition {p+ 1, q + p+ 1) as above, put 7 = Sip_|_i...iiCr G S'g+2p+i- 
Indeed since 

(*i<j+P+i ° ^39-qp+p-i ° ••■ ° *i<jo+9i+2 ° *i9o+i'^' ■5ip+i...ii'r) 
is of the required form as in Definition 14.41 and since 

(cr,r) = idk,....k^+,xd,,,„,^^,){sj^^^^,osj^^g^+p^io...osj^^^^^^^oSj^^^,a,s,^^,,„,,T) 

here dkj_....kp+i = <^go+i °'^go+gi+3 ° ■•• oc^go+.-.+^p-i+ap-i °c?g+2p+i- So the dx's and 
the d/'s are the same, where dj = di-^,,,i^_^-^. 

We have (ct,t) e St(5). Hence ^(7) e P. St(5).. 

2) If 5 = K'^, K simplicial complex then 

PpSt(i^^),„,...,,^ - {{a,T) e St{K-')g+p C S{K' X K-')g+p 
7ri(cr,T) G Im{/x^o,...,,p : ivTp" -> K^+p}}- 

The map Aigo,...,?p : -^p'' ^ ^g+p takes (io,...,ip) to (iq,.. .,io ,• 

go + 1— times 




Then 



f (.Ojo J ■ • ■ J ^Jo I • ■ ■ J ^ip 5 ■ ■ • 5 '^ip j G -f^ q+p J 

''' — ("JQ' ■ • ■ '"j<Jo' ■ • ■ '"i,o + - ■ + 9p-l+P' ■ ■ ■ '"Ji + P^ ^ 



By the definition Pp{K^)qo,...,q^ = -Pp(-ftr'')qo+i^...,g^+i. Then 7 in i4:''q+2p+i given 
by 7 = (co, • ■ • , c,o+i|...|cqo+...+,p_,+2p, ■ • ■ , Cq+2p+i) G -ftrq+2p+i is uniquely deter- 
mined by a and t. 

Explicitly the inverse map p^^ : Pp'&i{K^)q^^^,,,^q^ — > PpK^ qQ^,,,^q^ is defined by 
p~^{a,T) = 7, where 

a = (ai(,,...,aij, 

r = (6jo,...,6j,^J and 

7 — Uo , • • ■ , Jqo, io|j(jo + l I • • ■ '.^go+gi+l' *ll---W9o+---+9p-i+P' ' ' ' '^q+p' ^P) 
such that for J2i=o ^i+P < s < Y,i=i) 9* + P 



ik-i 
Js = <, 3s 

ik 



is < ik~i 
ik-i < is < ik 
ik <is, 



k — l,...,p. Hence 7 G PpK^ qg^,,,^q^ exists and is uniquely determined by 

(a,T)GSt(if^V2p+l. 

Therefore p : P,K^ -^ P,St{K^) is an isomorphism. 

D 
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Remark: Note that p is not injectivc for a simplicial set in general since for 
constructing the inverse map PSt(S) -^ PS, there is no unique choice for the 
element 7 in P,S,. In fact, we do not know which degeneracy operators we will use 
in order to define 7, so in general the inverse is not well-defined. 
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6. The Classifying Space and Lattice Gauge Theory 

For the definition of a classifying map we need a prismatic version of the standard 
construction of the classifying space. 

Let G be a topological group and the usual classifying space BG — EG/G which 



is constructed as a simplicial space EGp = G, 



X G., BGp = (G X ... X G)/G. 



p+l — times 



In order to make this simplicial set discrete we can replace G by the singular 
simplicial set of continuous maps SqG = Map(A*, G) and ESG as in Example 2.8. 
is a prismatic set. However we shall need another model constructed as follows: 
For a continuous map a £ Map(AP x A*-'?p, G^^^). Then we define 

a{t, s", ..., sP) - (ao(t, 5°), a,{t, 5°, s^), ..., ap{t, s°, ..., sP)), 
where {t, s°, ..., s^) G A^ x A*-''p. SG acts on this prismatic set and we define 
PpEGg„,...^q^ = {a : AP x A* ■'''' ^ G^+i | aj{eH, s) is independent of 
s* for all j different from i}. 
PEG ^ PEG/SG, that is, 



PpBGq„^ 



.9p 



P„EG, 



qa,---,qp 



/ SpG. 



Proposition 6.1. The evaluation maps give horizontal homotopy equivalences in 
the diagram, 



\PEG.\ II- 

II l7l II 

\PBG\ II- 



^EG 

7 

-EG/G 



Furthermore the top map is equivariant with respect to the homomorphism 
ev : \SG\ -^ G. 

Proof. First notice that the evaluation map ev : \SG\ — > G is a homotopy equiva- 
lence. Also the equivariance is obvious by the commutative diagram 



\PEG.\ II X IS-.GI 
II IPi^G.I II 



evxev „ _ 

^EGx G 



-^EG 



Since || \P,EG,\ \\ and EG are both contractible, the evaluation map induces a 
homotopy equivalence on the quotient. 

D 
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7. Lattice Gauge Theory, Parallel Transport Function 

In Lattice gauge theory in the sense of PhiUips and Stone [TSj they construct for 
a given Lie group G and a simplicial complex K a G-bundle with connection on 
\K\ associated to a set of G- valued continuous functions defined over the faces of a 
simplex. These they call "parallel transport functions" since they are determined 
by parallel transport for the connection. In this section we shall introduce similar 
"compatible transition functions" for K replaced by a simplicial set S and in the 
following section we shall use these to construct a classifying map on the star 
complex P,S,. First we consider G-bundles over simplicial sets. 

Definition 7.1. A bundle over \S\ is a sequence of bundles over A^ x a for all p, 
where a € Sp and with commutative diagrams; 



dj(7 



^F„ 



AP-^ xdia^-^AP X a 



and 



AP+i 



X s,cr ■ 



^F^ 



-^ AP X cr 



with the compatibility conditions: 



£ £■ 



^i-1 



i < j 



and 



rj^r]^ — 



ri^e'' 






e •q-' 



'^fj' 



i <j 
i > J, 



i < j 

■i=j,'i=j + ^ 
i>j + l. 



Given a G-bundle F ^ jS*], G a Lie group, since A^ is contractible, we can 
choose a trivialization ipa- : F^ —^ ISP x <j x G for a non-degenerate a € Sp. If cr is 
degenerate, that is, there exists t such that a = SiT, then the trivialization of a is 
defined as puUback of the trivialization of r, that is, ipa = 77* i'i^r)- 

Definition 7.2. ( Admissible Trivializations ) A set of trivializations is called 
admissible, in case ip^ for a — SiT is given by tpa- ~ s* ('/'r)- 

Lemma 7.3. Admissible trivializations always exist. 

Now, let us construct the transition functions for a simplex a £ Sp before giving 
the following proposition: 
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Definition 7.4. Given a bundle and a set of trivializations, we get for each face 
T of say diniT = q < p in a, a transition function Vcr.r '■ A'^ — )■ G. E.g., if r = dia 
then the transition function v^^dia ■ A^^^ — > G is given by the diagram 

AP-i X {d^a) X G — ^ AP X (ct) X G 



AP-i X dia ^ AP X CT 

where dia = r and & = tpa o s^ o ipd^a^^ ■ So 

{va^TW ^ ^p ^i^^i T is a face of a} 
are the transition functions for the bundle over \S\. 

Remark : The transitions functions are generalized lattice gauge fields. Classi- 
cally Lattice gauge fields are defined only on 1-skeletons but one can extend them 
to p — 1 simplices for all p, given rise to transition functions on A^, as above. 

We now list a number of propositions stating the properties of these. The proofs 
are straight forward. For details see Akyar [T]. 

Proposition 7.5. Given a bundle on a simplicial set and admissible trivializations, 
the transition function v„^t, where t is a face of a, satisfies; 
i) a is nondegenerate: if j = dja and r = dij then 

This is called the cocycle condition. 

ii) a is degenerate: If a = Sja' and t = dia then when i < j for t = Sj^it' one 
gets t' — dia' and when i > j + 1 for t — sjt' one gets t' = di-ia' . For the other 
cases, i — j or i — j + 1, t = a' . Then the transition functions satisfy: 



Va.T = < 1 

Va',T' °lf 



i> i + i. 



Hi) If T is a composition of face operators of a, e.g., t = d^ '* ^'a, i = 1, ...,p, 
where dP~^'^^^' = di o ... o dp then 

Proposition 7.6. Assume that we have a bundle over \S\. Then 

1) There exists admissible trivializations such that the transition function is given 
by 

VcrM.a = 1 if i <p. 

2) For T = dP~^^~^>a, i = l,...,p, we get Va,T o,s product of some transition 
functions: 

3) The transition functions v^.t satisfy the compatibility conditions: 

Vdia ■ i <p-l 
v^oe" ^ i li . 

Vdp-ia-Vdpa ■ 1= p- I 
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4) For a degenerate a, we have 



v^orf ^ Vs^a- 



Vj. 



Proposition 7.7. Given a bundle, one can find admissible trivializations such 
that the transition functions are determined by functions v„ : A^^^ -^ G for a ^ Sp 
nondegenerate. 

Proposition 7.8. Suppose given a set of functions 

v„ : A^-i ^ G 
for a €z Sp for all p, satisfying the compatibility conditions 

Vdia ■ i <p-l 

Va oe = <, li . ^ 

Vdp-ia-VdpCr ■ l^p-l 



and 



Vsja =v„orf. 



Then one can define for each a £ Sp and each lower dimensional face t of a , a 
function Va,T such that i) and ii) in Proposition \7.5\ hold and such that 



1 : i < p. 

Proposition 7.9. Given a set of transition functions v^.t satisfying i) and ii) in 
Proposition \ 7. 5\ there is a bundle F over \S\ and trivializations with transition 
functions Va^r ■ 

Corollary 7.10. Given a set of functions Va satisfying the compatibility conditions 
in Proposition \ 1. 6] one can construct a bundle F over \S\ and the trivializations with 
the transition functions Va,d a — Va o-nd Va^dio ~ 1 when i < p and Vsia = v^ o rj^ 
for a degenerate a. 

Definition 7.11. A set of functions {va}aes as in Proposition [7?8] are called a set 
of "compatible transition functions" . 

We end this section by comparing these compatible transition functions with the 
"parallel transport functions" (p.t.f.) of Phillips and Stone [15 . For S = X* these 
consist of a set of maps, V^ : c^ ^ G for each r-simplex a oi K, r > I, c„ is the 
(r — l)-cube given by < Sai < 1, ••■, < Sq^_i < 1, where a =< ag, ..., a^ >G K 
with the compatibility conditions 

1. Cocycle condition 

2. Compatibility condition 

'^<T\^ai 1 ••'7 ^ap ^1 •••1 ^ar-i ) '^ <aQ,...,ap,...,a, — i>\^ai t -••i ^api •••i ^a^-i ) • 

Now, suppose we have compatible transition functions {v^} for a principal G- 
bundle E — » \K\ with triangulated base. Then for a =< aQ,...,ar >, the p.t.f. 
Vcr : Co- —> G is given by the parallel transport Eag — *■ -Ea,. along paths determined 
as follows: 

Let a —< oq, ..., ttr >e K'^ and s = {sag, ■■■, Sa^_i) G c^. 
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We pick r — 1-points as Pi, ..., Pr~i so that Pi is on the hne segment from ao to 
ai, that is, 

Pi = (1 - Sajao + Sa^ai = ((1 - Sai,Sai),< ao,ai >) e |i4:|. 

Similarly, P2 is on the line segment from Pi to a2, P2 = (1 — SajjPi + Sa2'^2- Then 

P2 = ((1 - Sa2)(l - SaJ, (1 - Sa2)Sai,Sa2,< ao,ai,a2 >). 

By continuing in the same way, we get 

Pr-l = (1 ~ Sa^_^)Pr-2 + Sa^-iflr-l- 

Let a be the piecewise linear path from oq through Pi,...,Pj._i to a^. In other 
words, a is determined uniquely up to parametrization by r— 1 numbers s^^ , ..., Sa^-i • 
For Pr-i = (t, drc) G A*"^^ X Kr-i, dr<T —< fli, ..., flr-i >, the element 

Vcr{si, ..., Sr-i) = Wo-(t) e G 

is to be interpreted as the parallel transport along a. 
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8. The Classifying Map 

The construction of The Classifying Map 

For a given set of compatible transition functions (c.t.f.) {vcr} satisfying Propo- 
sition [7?8] we liave seen in Proposition 17.91 that tliere is an associated G- bundle F 
over \S,\. Recall that the composite map proj o L : || \P,S\ \\ — > || \S,\ \\ -^ \S\ is 
a homotopy equivalence, where L = A o / is given as in Proposition 4.2. In this 
section, we construct a classifying map for the bundle (proj o L)*F over || \P.S,\ \\. 

Theorem 8.1. 1) For given c.t.f.'s {va}, there is a canonical prismatic map 
m : P.S. ^ PBG. 

2) The induced map of geometric realizations 

ev o II |m| II = m : II \PS\ \\ " '"' " || \PBG\ \\ ^ BG 
is a classifying map for the G-hundle (proj o L)*F over \\ \P.S,\ \\. 

Proof : 

1) The map m : P,S, -^ P BG is defined as 

m((T) = [(ao,ai,...,ap)] 

where a G PpSqg...q^ = Sq+2p+i, q = Qo + ■ ■ ■ + Qp and a, : A^ x A*-?* —^ G 
are given below. In the following, we use for convenience the interior coordinates 
(ti, . . . , tp) of the standard simplex with barycentric coordinates (ip, . . . , t' ). 

ti ^ L Eq) ^2 ^ t ^ ^o ^li ■ • ■ ''1 — 1 ^ -'^ ^ ^0 ^ ' ' ' ^ ^1 — 1' ^1" ^ ''r 

such that < ti < I, i = 1, ... ,p, 1 > ti >...> tp > and X;Lo ^'i = 1. *i < 1' 
i = 0,...,p. 

In these terms the map A from Section 3 is induced by the maps 
Xp-. AP X Ai^-i" -^ A«+2p+i given by 

Ap(i,s",0,...,0,sP,0) = (s?(l-fi)+ti,...,s°^(l-ti) + ii,ii,ii, 

s\{tl - t2) +t2,... ,sji(il -<2) +t2,t2,t2, 

. .., 

Si \tp—l ^ tp) + tp, . . . , Sq^_^ [tp—1 ^ tp) + tp, tp, tp, 

Sitp, ..., Sq^tp, V). 

For convenience, we drop p in Xp{t){.s) and write X{t){s). Next, let 
p{i) . ^q+2p+i _^ ^qo+-+<?.-i+2J-i |-,g ^j^g degeneracy map for i = l,...,p de- 
fined by 

deleting the last qt + ■ ■ ■ + qp + 2{p — i + I) coordinates. So e.g. 

p(P)A(t)(s) = (s?(l-fi)+ti,...,s^„(l-ti)+ti,ti,ti, 

sl{tl - t2) +t2,. . . ,sl^{ti - t2) +t2,t2,t2, 

^1 ytp—l tp) -r tp, . . . , Sq^__^{tp—l tp) -f- tp,tp). 
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where p'^P^ :— 7y9^9p+2p-i o ... o j^t+'^P is deleting the last Qp + 2 coordinates. With 
this notation, the maps ai : A^ x A* ■'?■ -^ G defining the classifying map m{a) 
are given by 

ap(i,s°,0,...,sP,0) = 1 
ap.i{t,s°,0,...,sP-\0) = z;,,d,^,,(p(P)(A(t)(s)))-i, 



Here the boundary operators used above are given as follows: 

d{p) : 55+2^+1 — *■ Sq+2p-qp~l 

is defined by d(p) :— dq+2p-qp ° ••• ° cig+2p+i, deleting qp + 2 elements. On the other 
hand, in the formula S^' = d(p\ ~ dtp\. Let's denote 

J(p-») =d(,+i)0...od(p) 

i = 0, ...,p— 1, which deletes the elements (go + ---+9i + 2i — 1, ...,g+2p+l). It deletes 
qi+i + ... + qp + 2{p - i) = q - {qq + ... + q^) + 2{p - i) elements. Here 

'^W ■ ^q+2t+i~T.r'-Up^, -^ '5'g+2j-l-Er'9p-, 
i = 1, ...,p. By using the equivalence relations on m we can see that m[d[i)a) is 
independent of s^ for all j different from i. Take ig = then v^ J(p)(j(l5 ■■■: ---AAA) 
does not depend on s" where j = 1 7^ = i. 

2) For given c.t.f.'s Va, we now have the map of realizations 
II H ||:|| IPS. I ||->|| IPBGI II given by 

II l™l II (^, •s,cr) = (i,s,[(ao,...,ap)]). 

The associated bundle map is given as follows: 

We have a bundle P on |5| by Proposition 17.91 and |PpS'. | — > |S'. | is an epimor- 
phism, so by pulling back we get a bundle F -^ \PpS,\, i.e., 

F ^F 



\P.S\ 



Transition functions used to define the classifying map rh are taken from the bundle 
F -^ \S\. Let's take a G Sqj^2p+i and there is a fibre at (A(i, s°,0 . . . , 3^,0), cr), 
by using the trivialization ^p^ : F^ —^ /\9+2p+i x a x G and the projection on 
the last factor, we get Fg- -^ G. Let's denote this composition by (pa{f) where 
/ := (A(i, s°,0,...,sP,0),(t), j„ G P(A(t,sO,o,...,sp,o),<T), cr e Sq+2p+i. On the other 
hand 

^ci,,,a : Pd(„. - A^+^P-^^-i X d(p)a X G 
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gives US 

<^d(p)cr : Fdfp^a -^ G. 
By the definition, 

Md^^^h) ■■= v.A^^AP^'^Mt, 5°, 0, ... , s^ 0)).(^,,^,.(/),^^^^, 

where the compatible transition function is 

v^^a^,,. ■■ A^+^P-^--' ^ G. 

The last component in || |7tt,| \\{t,s,fa-) is defined via the trivialization faif) 
which is ifiaif)- By using the compatible transition function Va-,d, )<t we find the 
p-th component as 

We can apply the same method several times to get the other coordinates in 
II \m\ \\it,sjl). 

By the definition PEG/SG = PEG, PEG = ||iVG|| and j : NG ^ NG we can 
identify PEG = ||A^G||. Then the required map ffi is 

m{t,s,a) = [{ao,...,ap)]. 

n 

In particular for a simplicial complex K we get the following (c. f. [15j ) 

Corollary 8.2. (Phillips-Stone) 1) A set of compatible transition functions {va-} 
for K a simplicial complex there is a natural prismatic map 

P. St(if ") -^ PEG. 

2) The induced map on geometric realization gives a classifying map for the 
bundle F pulled back to \ St{K)\ C \K\ x \K\. 

Proof: In the second part of Theorem 15.11 we have showed that 
p : PK^ -^ PStK"^ is an isomorphism. On the other hand in the previous proposi- 
tion, we have defined the classifying map m. This is also valid when S = K'^ . So 
the p.t.f. Va will determine a natural map 

m : PStK' -^ PEG. 

Furthermore tti : PSt^K"^) -^ K is a homotopy equivalence. 

Remark: The point of the corollary is that there is a connection in the pris- 
matic universal bundle in the simplicial sense (see |6j) which thus pulls back to a 
connection in the bundle over the star complex. We shall return to this elsewhere. 
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